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Abstract

In instrumental-variable (IV) studies, researchers often evaluate mul-
tiple candidate instruments and selectively report the specification
with the most favorable first- or second-stage statistics. We show
that this form of instrument selection (“instrument-hacking”) induces
median bias in IV estimators toward the OLS estimand, undermin-
ing the rationale for using IV. When all candidate instruments have
the same true strength, median bias increases monotonically with
the number of available instruments. More generally, when candi-
date instruments differ in true strength, monotonicity need not hold
because increasing the number of instruments can lead researchers
to select genuinely stronger instruments. Nonetheless, in simulations
calibrated to the empirical distribution of instrument strengths in the
IV literature, median bias increases monotonically with the number
of available instruments. Furthermore, it is substantial in magnitude,

even when only a few instruments are available.
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Instrumental-variable (IV) studies in economics exhibit clear evidence of p-hacking
and publication bias, while for randomized controlled trials, difference-in-differences,
and regression discontinuity designs, such evidence is more limited (Brodeur et al.,
2020; Kranz and Piitz, 2022). A possible explanation is that observational IV creates
a unique researcher degree of freedom: researchers can test multiple candidate in-
struments and selectively report the specification yielding the ‘most favorable’ result.
We refer to this practice as instrument-hacking. Consistent with this account, IV
estimates in randomized controlled trials with partial compliance — where treatment
assignment provides a unique, non-selectable instrument — exhibit relatively little
evidence of p-hacking (Brodeur et al., 2020, Table A17).

In this paper, we study the impact of instrument-hacking on the credibility of
just-identified 2SLS. We consider two forms of instrument selection. In first-stage
instrument-hacking one selects among candidate instruments to maximize the first-
stage F-statistic, consistent with the over-representation of F-statistics just above
the conventional threshold of 10 in IV studies (Andrews et al., 2019). In second-
stage instrument-hacking one selects among candidate instruments to maximize the
second-stage t-statistic, consistent with discontinuities or clumping in the distribution
of t-statistics around conventional significance thresholds (Brodeur et al., 2020).

These forms of selection need not reflect intent to manipulate results: researchers
may regard searching for stronger instruments as a way to improve statistical credi-
bility and address weak-instrument concerns. We show, however, that this seemingly
reasonable practice can have important adverse consequences.

In the first set of theoretical results, we consider a single-equation linear I'V model
with one endogenous regressor, and a researcher that searches over multiple valid
instruments of equal true strength. This stylized context, which we later generalize,
is designed to clearly illustrate the core problem. When the true effect 3 is zero, we
show that both first- and second-stage instrument-hacking induce median bias in the
2SLS estimator toward the OLS estimand.! Moreover, the magnitude of this bias
increases monotonically with the number of available instruments.?

These results are noteworthy for two reasons. First, they imply that instrument-

hacking undermines the central purpose of IV, as it reintroduces bias toward the OLS

!More specifically, first-stage instrument-hacking induces median bias toward OLS for any true
effect B, whereas second-stage instrument-hacking requires 5 = 0.

2We show that similar distortions arise under selection rules that jointly target the first-stage
F-statistic and the second-stage t-statistic.



estimand. This contrasts with OLS settings without endogeneity, where p-hacking
typically produces exaggeration bias. Second, it is well known that 2SLS with many
instruments suffers from bias and size distortions. This problem is considered so severe
that researchers are sometimes explicitly advised to informally select on instruments,
as in Angrist and Kolesar (2024) and Angrist and Pischke (2009, p.157). In fact, the
latter advise: “Pick your best single instrument and report just-identified estimates
using this one only.” Our results show that this type of selection generates the very
same distortions that arise from using many instruments.

Instrument-hacking leads to median bias toward the OLS estimand because of the
“power asymmetry” problem of two-stage least squares (2SLS) — see Keane and Neal
(2023, 2024). This refers to the fact that 2SLS standard errors tend to be smaller
in samples where the 2SLS estimate is close to the OLS estimate, a pattern that
holds even when instruments are strong. Thus, when researchers using 2SLS engage
in instrument-hacking, reported estimates tend to be those with smaller standard
errors, and these estimates tend to be shifted toward the OLS estimand.

In our second set of theoretical results, we relax the stylized ‘equal instrument
strength’ assumption by allowing instrument strengths to follow an arbitrary bounded
distribution. This more realistic setting yields results that are more general, but nec-
essarily less sharp. Under either form of instrument-hacking, we show the median of
the 2SLS estimator is biased toward the OLS estimand, and the magnitude of the bias
is bounded below by an increasing function of the number of available instruments.
However, bias need not be monotonically increasing, particularly if the empirical
distribution contains many weak instruments and one very strong instrument.

To address this theoretical ambiguity, we assess what instrument-hacking implies
under an empirically plausible distribution of instrument strengths. To calibrate
this distribution, we collect data on IV regressions published in 800 papers in top 5
economics journals (excluding Econometrica) from 2011-23. Notably, this is 22.5%
of all papers, highlighting the practical importance of IV. We then use the Andrews
and Kasy (2019) method to extract the underlying distribution of true instrument
strengths from the observed distribution of first-stage sample F' statistics. Finally,
we simulate instrument-hacking when candidate instruments are drawn from this
empirical distribution. In this setting, median bias increases monotonically with the
number of available instruments for both first- and second-stage instrument-hacking.

The simulation exercise also allows us to assess the magnitude of bias induced by



instrument hacking in a realistic setting. For second-stage instrument-hacking, we
find bias is quite severe even if researchers only consider a small number of instru-
ments. For example, when researchers selectively report the just-identified specifica-
tion with the largest second-stage ¢t-ratio among three available instruments, median
bias reaches 0.12 standardized effect size units.®> This magnitude is comparable to
typical treatment effect sizes reported across a range of economics literatures (Evans
and Yuan, 2022; Barto$ et al., 2024), making the implied bias economically sub-
stantial.* Targeting the first-stage F-statistic alone results in a smaller, though still
economically meaningful, median bias of around 0.03 SD.

Notably, both first and second-stage instrument hacking also induce severe size
distortions in 2SLS t-tests. Furthermore, the overwhelming majority of false rejections
occur in the direction of the OLS bias due to the power asymmetry problem. Overall,
our theoretical and empirical results show that instrument-hacking can pose a serious
threat to credibility, even when only a small number of instruments are observable.
In fact, our results show that the problems created by instrument-hacking can be at
least as severe as those created by using 2SLS with many instruments.

Given these problems, we recommend that researchers refrain from instrument
selection altogether, and instead use all available instruments in conjunction with
robust estimation and inference. Under homoskedasticity, the optimal choice would
be the limited information maximum likelihood (LIML) estimator of Anderson and
Rubin (1949)) combined with the Conditional Likelihood Ratio (CLR) test for in-
ference (Moreira, 2003). We show this approach delivers median-unbiased estimates,
correct size, and symmetric rejection rates under the null.’

We also consider the impact of instrument hacking using the AR test of Anderson
and Rubin (1949). In simulations where one targets significance of the AR test, rather
than the second-stage t-statistic, median bias is ameliorated, though not eliminated.

Size distortions remain, but rejections are roughly balanced on either side of the

3That is, given the true null 3 = 0, the median effect estimate is that a one SD increase in the
endogenous variable x causes a 0.12 SD increase in the outcome .

4Evans and Yuan (2022) find a median effect size of 0.1 SD across 234 studies of educational
interventions and test scores. Similarly, Chetty et al. (2014) estimate that a one standard deviation
increase in teacher quality raises end-of-year test scores by 0.13 standard deviations. More broadly,
Bartos et al. (2024) summarize 327 economics meta-analyses and find a median reported effect size
of 0.2 SD across a range of literatures.

5Given heteroskedasticity, the analogous approach is the continuously updated GMM of Hansen
et al. (1996), which generalizes LIML to the heteroskedastic case, combined with the Kleibergen
(2005) test that generalizes CLR.



null hypothesis, as the AR test removes the major source of the correlation between
effect sizes and standard errors (Keane and Neal, 2024). On the other hand, first-
stage instrument-hacking breaks this desirable property of the AR test, compromising
its key advantage over the t-statistic. Thus, while robust inference can ameliorate
problems created by instrument hacking, it is not a panacea.

This paper connects two large literatures: the literature on p-hacking and publi-
cation bias (Franco et al., 2014; Brodeur et al., 2016, 2020; Andrews and Kasy, 2019;
DellaVigna and Linos, 2022) and the literature on instrumental variables (Bound
et al., 1995; Stock and Yogo, 2005; Donald and Newey, 2001). Existing work on in-
strument selection in econometrics has largely focused on the prescriptive question
of what researchers should do when multiple instruments are available (Donald and
Newey, 2001). By contrast, this paper studies the question of how actual researcher
behavior affects estimation and inference, motivated by evidence of publication bias
and p-hacking in observational IV (Brodeur et al., 2020). In particular, it provides
the first systematic analysis of how p-hacking interacts with the power asymmetry of
IV estimators to generate bias toward the OLS estimand.

Our work is also related to the literature on pre-screening based on the first-stage
F statistic. Simulation studies have found that such screening can exacerbate weak-
instrument bias and size distortions (Hall et al., 1996; Zivot et al., 1998; Angrist
and Kolesar, 2024). Building on this literature, we provide theoretical conditions
under which first-stage instrument-hacking generates median bias and identify the
mechanism: the correlation between IV estimates and their standard errors. But,
to our knowledge, the results we present for second-stage instrument-hacking are
completely new to the literature.

This paper proceeds as follows. Section 1 introduces the model and Section 2
illustrates instrument-hacking in the context of estimating the returns to schooling
using 2SLS. Section 3 presents theoretical results examining the impact of hacking
on median bias. Section 5 presents results for the calibrated model. Section 6 makes

recommendations for applied researchers, and Section 7 concludes.

1. SETUP

In this section, we introduce the model used throughout the paper and provide a
formal definition of instrument-hacking. Our main aim is to study the impact of
instrument-hacking on the statistical credibility of IV estimators as the number of

instruments to select from increases.



1.1 Data-Generating Process

Consider a standard single-equation linear IV model with one endogenous regressor:

yi = o+ Pr; +
K

=0+ 2 TeZki + PU; (1)
k=1

The parameter p € (—1,1) measures the degree of endogeneity. The case p = 0
corresponds to exogeneity. Since our interest is in bias arising from endogeneity, we
focus on the case p # 0. In the equation for x;, there are K instruments, where K is
a fixed parameter. The researcher observes a subset of K < K instruments, while the
remaining (K — K) instruments are unobserved and absorbed in the error term. We
assume throughout that the instruments are valid. The true strength of instrument &
depends jointly on its first-stage coefficient 7, its variance and N. The true strength

of an instrument can only be estimated in a sample, by the sample F'.

1.2 Instrument-Hacking

Instrument-hacking is conceptualized as a selection rule that determines which in-
strument from a candidate set is reported. We focus on rules that select among
just-identified IV specifications for two reasons. First, this restriction provides greater
analytical tractability for our theoretical results. Second, just-identified specifications
are often favored in applied work due to (i) their favorable finite-sample properties
in the absence of p-hacking (Angrist and Kolesar, 2024), and (ii) the relative ease of
justifying the exclusion restriction and interpreting the resulting LATE with a single
instrument.

Each just-identified specification associated with observed instrument z; generates
a 2SLS estimate, a first-stage sample F-statistic and a second-stage t-ratio: (Bk, Fi, t)
for k = 1,2, ..., K. Instrument-hacking is defined as a selection rule that determines

A

which specification is reported, which we denoted by (s, Fis, tpx).

Definition 1 (Just-Identified Instrument-Hacking). The reported just-identified

specification (Bp+, Fjx, tp«) satisfies k* € arg maxpeq,. xy Sk, where sy, is the score.

The choice of score (si) determines the selection rule and hence the form of

60nline Appendix OA.A shows that allowing for over-identified specifications for second-stage
hacking worsens size distortion and slightly ameliorates median bias.



instrument-hacking. We consider two main forms: (i) first-stage instrument-hacking,
where s = Fy; and (ii) second-stage instrument-hacking, where s, = |t|. Incentives
to select on Fy and |tx| are well understood by researchers, and empirical evidence of
selection on both statistics is well documented (Ioannidis, 2005; Andrews and Kasy,
2019; Brodeur et al., 2020). In Subsection 3.2, we also consider selection rules that

jointly target both statistics.

2. ILLUSTRATIVE EXAMPLE

This section illustrates the mechanism through which instrument-hacking affects the
statistical properties of 2SLS estimators in a simple numerical example. Using the
model in (1), suppose the true effect is zero (5 = 0), but the endogenous regressor
is positively correlated with the structural error, with p = 0.5, so the OLS bias is
positive. Normalize Var(z;) = 1, so the OLS estimand is .50. Furthermore, to isolate
the effects of instrument selection, suppose all K = 10 candidate instruments are
equally strong binary instruments, each assigning treatment with probability 0.5 and
having first-stage effect 7 = 1/0.3. The strength of the first stage, as summarized
by the true F-statistic, is jointly determined by 7, the assignment probability, and
N. Letting N=350, the implied true first-stage F-statistic in each just-identified
specification is 28.4, which is well above conventional weak-instrument thresholds.”

Now suppose a researcher can observe K > 1 valid instruments from the K = 10
total available, and reports the just-identified specification to maximize either the
sample second-stage t-statistic or the sample first-stage F-statistic. How does the
number of available instruments, K, affect the median bias and other properties of
the 2SLS estimator?

Figure 1 presents results for second-stage instrument-hacking (s = |tx|) in the
top panel and first-stage instrument-hacking (sx = Fj) in the bottom. Each figure
plots the joint distribution of the 2SLS estimate and its standard error for different
numbers of available instruments (i.e. K = 1,3,10). Significant estimates according
to a 5% level t-test are coded in red. In the bottom left-hand corner of each figure,
we report the median, size and the fraction of rejections that are positive.

First consider the second-stage hacking results in the top panel. When K = 1,

instrument-hacking cannot occur. And because instruments are strong, median bias

"In a just-identified regression, the true F' = N%. Here, R? = (72/4)/ Var(x) = n%/4 = 0.075;

so with N = 350, we obtain F' = 350 x 8:8;? = 28.38. Of course, the sample F is a random variable.




FI1GURE 1. Instrument-Hacking: Joint Distribution of /3 and Standard Errors

Second-Stage Hacking
K=1 K=3 K=10

1P<005: 357%

2SLS Standard Error

1 P<0.05 4.4% 1P<005 124% = °
Positive:  96% i . Positive:  96% R e Positive:  96%
Med. B:  0.00 Med. B:  0.12 Med. B:  0.25
04 0- 04
T T T T T T T T T T T T
-1 -5 0 5 -1 -5 0 5 -1 -5 0 5

2SLS Estimate of B

First-Stage Hacking
K=1 K=3 K=10

271 P<0.05: 4.4% 27 P<0.05: 86% 29 p<005: 164%  ° Fuidms
Positive:  96% Positive:  99% Positive: 100%
14 Med. B 0.00 14 Med.p: 14 Med. B 0.13

A -5 0 5 E -5 0 5 -1 -5 0 5
2SLS Estimate of B

2SLS Standard Error

Notes: 2SLS estimates and standard errors when a researcher engages in instrument-hacking among just-identified
specifications over 100,000 replications. In all cases, 8 = 0, 7, = v/0.3 and p = 0.5. Red dots indicate statistically
significant estimates at the 5% level. ‘P < 0.05’ refers to the rejection rate when the B p-value is below the 0.05
threshold. ‘Positive’ refers to the proportion of total rejections that feature a B > 0 (i.e. the estimate is the same sign
as the biased OLS estimate). ‘Med. 3’ refers to the median estimated 8, a measure of median bias in the estimator.

is negligible and the size of the 5% test is close to its nominal level. When K > 1
however, the researcher can select the just-identified specification with the largest
second-stage t-statistic. With K = 3, this raises median bias to 0.12, in the direction
of the OLS bias, and increases the size of the 5% t-test to 12.4%, with nearly all
rejections on the positive side. As a result, researchers become more likely to reject
the null hypothesis and incorrectly conclude that there is a positive causal effect.
With K = 10, these effects are even more pronounced.

The mechanism driving these results is the correlation between f and SE(B)
inherent in 2SLS, which Keane and Neal (2023, 2024) term the ‘power asymmetry
problem. In each plot, 2SLS standard errors tend to be smaller in samples where
the 2SLS estimate is close to the OLS estimand.® Hence, if K > 1, results with
small 2SLS estimates and large standard errors tend to be censored from the joint

distribution of reported results, leading to bias in the direction of OLS.

8If OLS bias were of the same magnitude but negative (p = —0.5), the joint distribution would
be reflected about 5 = 0 and instrument-hacking would push median bias in a negative direction.



Next consider the first-stage hacking results in the bottom panel of Figure 1.
This distorts results in a different way. In particular, as the number of available
instruments increases, results with large 2SLS standard errors are censored from the
distribution of reported results. This occurs because the 2SLS standard error is in-
versely proportional to the first-stage sample F'. Combined with the power asymmetry
of 2SLS estimators (i.e., estimates closer to OLS have smaller standard errors), this
means that reported estimates of the causal effect are again biased toward the OLS
estimand, leading to distortions similar to those under second-stage hacking.

Thus, Figure 1 illustrates the key mechanism studied in this paper. Both first and
second-stage instrument-hacking systematically shift reported 2SLS estimates toward
the OLS estimand, and this distortion becomes more pronounced as the number of
available instruments increases. This pattern differs from more familiar forms of
p-hacking in OLS settings, where selection on statistical significance typically gener-
ates exaggeration bias, pushing estimates away from zero. By contrast, instrument-
hacking biases 2SLS estimates toward the OLS estimand, thereby undermining the
primary purpose of IV. The next section formalizes these insights and establishes

general results on the direction and magnitude of bias from instrument-hacking.

3. THEORY: MEDIAN BIiASs WITH HOMOGENEOUS INSTRUMENTS

Under what conditions do the patterns illustrated in the example hold more gener-
ally? We address this question with two sets of theoretical results. In this section
we consider a homogeneous-instrument setting, in which candidate instruments are
binary and have identical first-stage effects, m; = 7 for k = 1,..., K. Then later, in
Section 4, we allow instrument strengths to differ across candidate instruments, yield-
ing more general results that characterize a lower bound on the evolution of median
bias. Proofs are provided in the Appendix, unless otherwise stated.

To begin, we state assumptions common to both sets of results:

Assumption 1 (Structural Error Term). Let w; be ii.d. and follow a continuous,
unbounded distribution that is symmetric about zero and strictly log-concave on its

support.

Assumption 2 (Gaussian Approximation for Reduced-Form and First Stage). For
each instrument k = 1,..., K, let 4, and 7, denote the OLS coefficients from the

reduced-form regression of y; on (1, zx;) and the first-stage regression of x; on (1, 2x;),



respectively. Assume 7 # 0 and that

M —m
T —m
VN ; ~ N(0,%),
Y& — Vi
T — Tk

where ¥ is a known positive-definite covariance matrix.

Assumption 3 (Sign Screening on Estimated First Stage). Researchers screen for
IV results where the sign of the estimated first-stage matches the sign of the true

first-stage.

Assumption 4 (Designed Orthogonality of Candidate Instruments). The set of can-
didate instrument assignment vectors is constructed so that, for every pair k # k’,

6&/(2]“ Zk/) = 0.

Assumption 1 is relatively mild and is satisfied by many common error distribu-
tions (e.g., normal, logistic, Gumbel). Assumption 2 follows Andrews et al. (2019) and
Angrist and Kolesar (2024) by imposing a Gaussian approximation for the reduced-
form and first-stage estimators and treating their covariance matrix as known.? Given
this, the asymptotic variance of the 2SLS estimator for the just-identified specifica-
tion using instrument z, can be obtained by applying the delta method to the ratio
Bk = A/7k. This variance is a quadratic function of Bk and is minimized at the
population OLS estimand. Mechanically, this implies that the 2SLS standard error
tends to be smaller when the 2SLS estimate is closer to the OLS estimand. This has
important implications for instrument-hacking because any selection rule that favors
small standard errors will tend to select estimates closer to the OLS estimand.

Assumption 3 follows Angrist and Kolesar (2024) and Andrews and Armstrong
(2017) in assuming researchers screen the estimated first-stage to have the same sign
as the true first-stage. This is a mild assumption in practice. For example, consider a
design where the instrument assigns individuals to receive an encouragement to take

up a treatment, such as a subsidy. If the estimated first-stage coefficient is negative in

9Relative to the standard single-instrument setup, our formulation extends the approximation
jointly across the full set of candidate instruments. This extension is natural in our setting because
the object of interest is selection across many candidate IV specifications.
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a given sample due to sampling variation, researchers would typically conclude that
the encouragement failed and discard the corresponding specification.

Assumption 4 can be understood as a design restriction that forces instruments to
be independent in each sample. Its role is to eliminate mechanical cross-instrument
interactions arising from correlations among the candidate instruments, so that each
just-identified specification depends only on its own instrument vector and the com-
mon structural error. This assumption can be weakened, but we maintain it for the
sake of analytical transparency and parsimony.!°

The empirical model in Section 5 does not impose Assumptions 2 and 4.'! Tts
covariance structure is estimated from the data, and candidate instruments are al-
lowed to be correlated in finite samples. As a result, it provides a direct assessment of
the relevance of the theoretical mechanism under more realistic conditions, where the
simplifying assumptions outlined here are relaxed. The fact that the main qualitative
patterns persist in these settings suggests that the results are not driven by these
assumptions, but instead reflect a more general feature of instrument-hacking arising

from the power asymmetry of the 2SLS estimator.

3.1 Median Bias with Homogeneous Instruments

The first set of theoretical results relies on the following additional assumption:

Assumption 5 (Homogeneous Instruments). Let all k = 1,2, ..., K instruments be
binary, zx; € 0,1, with common first-stage effect m, = 7 # 0 and common assignment

probability gx = g € (0,1), where ¢, = % Zfil Zpi. Finally, assume z; 1L u; for all k.

Under Assumption 5 each candidate instrument can be interpreted as a distinct
but equally strong encouragement design for treatment x;. This is a strong assump-
tion that approximates settings where several instruments of similar strength are
available. Nevertheless, it allows us to clearly demonstrate the mechanisms through
which instrument hacking can generate bias. This assumption is later relaxed in
Section 4, where we allow for unequal instrument strengths.

With this we can state the first set of results:

10The same result can be obtained by assuming that finite-sample correlations across instruments
are sufficiently small (e.g. due to independent instruments and a sufficient large sample size) so as
to never overturn the ordering of t-ratios or F-statistics across just-ID specifications.

' The estimation procedure does, however, retain first-stage sign screening. For more details, see
Section 5.1.
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Proposition 1 (Second-Stage Instrument-Hacking and Median Bias). Let § = 0.
Under Assumptions 1-5 and second-stage instrument-hacking, the median of the re-
ported 2SLS estimator is biased toward the OLS estimand for any K > 1, and is

strictly increasing in absolute value with the number of available instruments K.

Proposition 2 (First-Stage Instrument-Hacking and Median Bias). Under Assump-
tions 1-5 and first-stage instrument-hacking, the median of the reported 2SLS esti-
mator is biased toward the OLS estimand for any K > 1, and is strictly increasing in

absolute value with the number of available instruments K.

That is, with homogeneous instruments, instrument-hacking generates bias in the
direction of OLS, and the magnitude of that bias increases monotonically with the
number of instruments available to select from. This generalizes patterns observed
in the illustrative example, by showing that this outcome occurs irrespective of in-
strument strength (7); the degree of endogeneity (p € (—1,1)); and, for first-stage
instrument-hacking, any true treatment effect (5 € R).

The intuition for these results is simple: If instruments have equal true strength,
the one that appears to be ‘strongest’ in a finite sample is that with the greatest finite
sample correlation with the structural error u. If that correlation is relatively large,
the sample F' is relatively large and the 2SLS estimate is shifted toward BO 5. Hence
first-stage hacking generates median bias towards OLS. This ‘strongest’ instrument
also generates a relatively small se(BQSLS), and hence a relatively large t-statistic. So
second-stage hacking generates median bias towards OLS as well.

It is noteworthy that the second-stage instrument hacking result in Proposition 1
assumes 5 = 0. Unlike first-stage hacking, the direction of bias under second-stage
hacking depends on both the OLS estimand and the true 5. We illustrate the dis-
tinction in Figure 2, which is based on simulations of the DGP in Section 2, except
here we vary true 3, so the OLS estimand is # + 0.50. The figure plots bias from
instrument hacking as a function of the true 5. Under first-stage instrument-hacking,
we see that bias is always positive (as the OLS bias is positive), independent of true
B, and increasing in the number of instruments available.

For second-stage hacking the situation is more complicated. As shown in Figure 2,
there exists a critical negative value of 3 at which the direction of median bias reverses.
For values of 8 above this threshold, median bias is toward the OLS estimand, whereas

for sufficiently negative values below it, median bias becomes negative. This occurs
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FIGURE 2. Median Bias under Instrument-Hacking as 8 Varies

Second-Stage Hacking First-Stage Hacking

Median Bias
h I h
Median Bias
N
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B B

1 Instrument Available 2 Instruments Available 5 Instruments Available 10 Instruments Available

Notes: Median bias of the 2SLS estimator when the researcher instrument-hacks among just-
identified specifications. The DGP is outlined in Section 2, with p = 0.5, and ™ = 1/0.3.

because when [ < 0 the estimates that are shifted towards OLS are also closer to zero,
so they are likely to have small |¢;| statistics, making them unlikely to be selected.
Consequently, for true 8 below the critical value, the conventional exaggeration bias

effect dominates, and the bias is negative.

3.2 Joint Preferences

Propositions 1 and 2 analyze instrument-hacking when selection targets the second-
stage t-ratio or the first-stage F-statistic in isolation. In practice, however, researchers
and journals may evaluate IV specifications based on both criteria simultaneously.
Consistent with this view, empirical evidence documents an over-representation of
studies reporting first-stage F-statistics above 10 together with second-stage t-ratios
exceeding 1.96 (Andrews et al., 2019; Brodeur et al., 2016, 2020).

This subsection shows that the results in the previous subsection extend naturally
to settings with joint preferences. Recall that instrument-hacking in Definition 1 is
defined as a selection rule that reports the just-identified specification maximizing a
target score si. We consider two forms of joint preferences, each corresponding to a
different specification of the score function s.

The first is smooth preferences, where researchers seek to maximize a weighted
score of both statistics: s = AFj + (1 — A) [tx|, where A € (0,1). The second is
lexicographic-threshold preferences, where researchers aim initially target a first-stage
threshold, such as Fj, > c. If no available specification clears the threshold, the
specification with the largest first-stage [-statistic is reported. If one or more spec-

ifications do clear the threshold, they restrict attention to those specifications and
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select the one with the largest second-stage t-ratio. This can be expressed as the
score s = (L{Fy = c}, |ts]), with lexicographic ordering, and where ¢ > 0 denotes
the first-stage threshold. The threshold ¢ may take any value; for example, the com-
monly used benchmark of ¢ = 10 in applied work (Stock and Watson, 2015), or,
alternatively, more stringent thresholds proposed in recent work (Lee et al., 2022).12

The following proposition extends the homogeneous-instrument-strength results

from the previous subsection to these forms of joint preferences.

Proposition 3 (Median Bias with Joint Preferences). Let § = 0. Under Assump-
tions 1-5 and either smooth or lexicographic-threshold preferences, the median of the
reported 2SLS estimator is biased toward the OLS estimand for any K > 1, and

strictly increasing in absolute value with the number of available instruments K.

The proof follows the same general strategy as Proposition 1, and is therefore
provided only in the Online Appendix OA.B.

For intuition behind Proposition 3, Figure 1 shows that first- and second-stage
instrument-hacking censor different regions of the joint distribution, with both forms
of selection leading to increased median bias. Combining these selection rules there-
fore naturally leads to similar outcomes. Given empirical evidence consistent with
joint selection on both statistics, Proposition 3 suggests that instrument-hacking may;,
in practice, generate size distortions that systematically favor rejections in the direc-
tion of the OLS estimand, at least when instruments have similar strength. We now

turn to the more general case in which instrument strengths may vary.

4. THEORY: MEDIAN BIAS WITH HETEROGENEOUS INSTRUMENTS

Thus far, the theoretical results have assumed all instrument are binary with the same
strength and assignment probabilities (Assumption 5). This assumption provides
an important benchmark case for isolating the central mechanism through which
instrument-hacking generates bias. In general, however, we might expect successive
instruments obtained by researchers to vary both in their first-stage coefficients ()
and assignment probabilities (¢x). In this subsection, we relax the assumption of

homogeneous instruments and allow for heterogeneity across candidate instruments.

12 An alternative rule in which researchers first target statistical significance (e.g. |tx| = 1.96) and
then maximize first-stage strength yields similar results, but seems less plausible as a selection rule.
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4.1 Non-Monotonicity Example

Before introducing the more general results, we first illustrate that monotonicity of
median bias in K, which holds in the homogeneous case, may not extend to settings
with heterogeneous instrument strengths. This motivates the need for more general
results that accommodate heterogeneity in instrument strength.

Consider a simple two-point distribution of instrument strengths. Each candidate
instrument is either weak, with true first-stage coefficient 7, = 0.05 (probability 0.9),
or strong, with 7, = 0.15 (probability 0.1). Instruments are independent, with equal
assignment probabilities ¢, = 0.5. We set N = 5,000, u; ~ N(0,1) and p = 0.5, and
normalize Var(z;) = 1. Under this normalization, weak and strong instruments cor-
respond to true first-stage F-statistics of approximately 3.13 and 28.28, respectively.
We then simulate the impact of first-stage instrument hacking, where researchers se-
lect the instrument that maximizes the sample first-stage F-statistic. For further
details on the setup and simulation, see Online Appendix OA.C.

Figure 3 presents the main results under first-stage instrument-hacking. The left
panel shows that median bias of the 2SLS estimator is non-monotonic in the number of
available instruments K. In particular, median bias increases sharply for small values
of K, reaching a peak at around K = 4, after which it declines before eventually
flattening and slightly increasing again. Notably, the magnitude of bias is large: at
its peak, median bias is close to the normalized OLS bias of 0.5, indicating that the
selected IV estimator can be nearly as biased as OLS.

The intuition is as follows. When K is small, there is a high probability that all
available instruments are weak. Selection among weak instruments generates large
median bias in the direction of OLS. As K increases, the probability that at least one
strong instrument is available rises rapidly, and the selection rule increasingly picks
this strong instrument. This is reflected in the middle panel, where the probability
of selecting a strong instrument increases with K, and in the right panel, where the
mean reported first-stage F-statistic rises. Since stronger instruments attenuate bias,
this leads to a decline in median bias.!?

The stark two-point distribution used here—with many weak instruments and a

13As K becomes large, selection is driven not only by differences in signal but also by extreme
realizations of noise. Even conditional on selecting strong instruments, those with favorable noise
realizations are disproportionately chosen. This induces selection on noise that reintroduces bias
in the direction of OLS, causing median bias to increase despite continued ‘improvements’ in the
estimated first-stage strength.
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small fraction of strong ones—is chosen for transparency. However, in settings where
one instrument is clearly much stronger than the others, researchers may be able to
identify and prioritize it ex ante, making a model of random selection from such a
pool less plausible. It remains an open question whether a more empirically plausible
distribution of instrument strengths can generate non-monotonicity, an issue we turn

to in Section 5. We next consider results under very weak distributional assumptions.

4.2 General Results: Median Bias with Heterogeneous Instruments

The example illustrates that monotonicity of median bias in A need not hold once the
restriction of homogeneous instruments is relaxed. We therefore replace Assumption

5 with a weaker condition that allows for heterogeneous instrument strength:

Assumption 5’ (Heterogeneous Instruments). For each candidate instrument, define

2 _ 1N =2 _ .22
0. = § Qi1 2k and A\, = mio

2 2. The sequence of instrument strengths (N K s

i.i.d. from a fixed distribution py. Moreover, there exists a finite constant A > 0 such

that the support of sy is contained in (0, A]. Finally, assume z; 1L u; for all k.

For general instruments, strength depends jointly on the first-stage coefficient 7y
and the variability of the instrument, as summarized by Ay = W%Ui. The assumption
of i.i.d. draws from the distribution of instrument strengths is substantive. It cor-
responds to a setting in which researchers lack knowledge of instrument strengths in
advance of observing them, and instead treat instrument search as random draws from
a fixed distribution. This assumption would be violated if, for example, researchers

could systematically target instruments that are known in advance to be stronger.

Definition 2. Given the upper bound on instrument strength X, let the finite con-
stants ¢, > 0 and F,, > 0 denote the largest values that the ¢t and F statistics can

attain when the 2SLS estimate lies in the direction opposite to the OLS estimand.
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These maximums or “caps” are illustrated in Figure Al in the Appendix. By
contrast, t and F' statistics linked with estimates that are aligned with the OLS bias
can exceed these caps. Intuitively, this asymmetry drives our results. Once the median
of the selected t or F' statistic exceeds the cap, the upper half of realizations must come
from the direction aligned with the OLS estimand. Since the lower bounds on median
bias are increasing functions of the selected statistic, and since the median selected
statistic is weakly increasing in K, these lower bounds are also weakly increasing in
K. Formally, given these definitions and the weaker Assumption 5, we can state the

following more general results:

Proposition 4 (Second-Stage Instrument-Hacking with Heterogeneous Instruments).
Let 5 = 0. Suppose Assumptions 1-4 and 5" hold and that researchers engage in
second-stage instrument-hacking. Let ﬁf( denote the reported 2SLS estimator when

K instruments are available, and [t};| be the corresponding absolute ¢-ratio. Then

Median <sign(p)ﬁA}}> >0

for all K. Moreover, there exists a finite constant ¢, . > 0 and an increasing function
g (taxs ©) — (0,1/]p|) such that whenever Median(|t|) > t,..., it follows that

Median (sign@)ﬁ‘;;) > g(Median(|t%])) > 0

where Median(|t}]) is weakly increasing in K.

Proposition 5 (First-Stage Instrument-Hacking with Heterogeneous Instruments).
Let g € R. Suppose Assumptions 1-4 and 5 hold and that researchers engage in
first-stage instrument-hacking. Let B}} denote the reported 2SLS estimator when K

instruments are available, and F} be the corresponding first-stage F-statistic. Then

Median (sign(p)(ﬁ;} - ﬁ)) >0

for all K. Moreover, there exists a finite constant F, . > 0 and an increasing function
h:(F.. ©) — (0,00) such that whenever Median(F}) > F,. _, it follows that

max’ max’
N

Median (sign(p)(ﬁ}’} — B)) > h(Median(Fj)) > 0

where Median(F}) is weakly increasing in K.



17

Together, these results show that, for both first- and second-stage instrument-
hacking, the median reported 2SLS estimator is weakly biased in the direction of the
OLS estimand for any K. They also provide lower bounds on the magnitude of this
bias once the relevant ¢ or F' statistic exceeds its cap.

The informativeness of the lower bounds depends on the maximum instrument
strength, \. When X is small, the lower bounds are more likely to be strictly positive
even for relatively small values of K. In contrast, when X is large, the lower bounds
may remain close to zero for empirically relevant values of K, and therefore provide

little additional information beyond the direction of the bias.'*

5. EMPIRICAL RESULTS

As we saw in Section 4, in heterogeneous-strength environments, median bias need
not increase monotonically with K; it depends on the distribution of instrument
strengths. This section assesses how median bias and other properties of exactly-
identified 2SLS vary with K, given a realistic distribution of instrument strengths
derived from the applied IV literature. To begin, we collected information on first-
stage F' statistics from all IV regressions published in the American Economic Review,
Quarterly Journal of Economics, Review of Economic Studies, and Journal of Political
Economy from 2011 to 2023." We found 800 papers (22.5% of the total) that used
IV in some way, of which 496 contained usable IV results in the main body of the
article. 80% of these articles reported at least one first-stage F' statistic. This search
culminated in 5,881 F'-statistics and associated second-stage t-statistics.

Figure 4 plots the empirical distributions of the absolute second-stage t-statistic
and the first-stage F-statistics. Both exhibit visible bunching around conventional
reporting thresholds (¢t = 1.96 and F' = 10), consistent with selective reporting based
on both second-stage statistical significance and first-stage strength.

To assess this formally, we consider a symmetric 15% bandwidth around each
threshold: F' € (8.5,11.5) and |t| € (1.666,2.254). Classifying observations by whether
they fall above or below each cutoff, local smoothness implies the four resulting cells

should contain approximately equal numbers of observations. However, the jointly

“Formally, the thresholds ¢, and F., are increasing in .

15Ty find IV regressions, we searched for the word ‘instrument’ in all articles over the sample
period. We then manually searched within these articles for any IV regression in the main body of
the paper, and recorded the first-stage F’ statistic, the second-stage t statistic, and other information.
Occasionally, the first-stage F' was not reported but the first-stage ¢ statistic was. In the case of IV

regressions with single instruments, we squared this ¢-statistic to derive the F'.
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FIGURE 4. Descriptive Statistics
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favorable cell (F' = 10, |t| = 1.96) contains 44.3% of observations, significantly above
the 25% benchmark (p = 0.00015). The excess mass is also visible in the marginals:
64.6% of observations lie above the F' = 10 threshold F' = 10 (p = 0.0064) while
60.8% lie above the [t| = 1.96 threshold (p = 0.0356). It is interesting that the

evidence for first-stage hacking is stronger than for second-stage hacking.

5.1 Method

Given selective reporting of results, the observed empirical distribution of instrument
strengths does not reflect the true underlying distribution of instrument strengths
available to researchers. Hence, we use the Andrews and Kasy (2019) selection model
to infer the underlying true distribution of instrument strengths. Their model assumes
that observed instrument strengths in published papers are generated by i.i.d. draws
from the following DGP:

1. Draw a true first-stage F-statistic from a distribution pup, i.e., F; ~ up.
2. Given F}, assume the sample F statistic obeys \/F; | F} ~ |N(v/F},1)|.16

3. Let D; be a Bernoulli random variable equal to one if the estimate is reported
and published, and zero otherwise. Assume that P(D; = 1 | F}) = p(E}) where

p(ﬁ’z) is a weakly increasing function of F}.

6 etting t; denote the true first-stage t-ratio, Andrews and Kasy (2019) adopt the Gaussian
approximation #; | t; ~ N(t;,1). Given that |£;| = (F})V/? and |t;] = v/F}, it follows that || | t; ~
|N(Jt;],1)|, which is equivalent to Step 2 above. This approach is consistent with the first-stage sign
screening used in the theory: since the likelihood is written in terms of |f;| = (F;)Y/2, it treats the
reported first-stage coefficient as oriented to have the same sign as the true first-stage coefficient.
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Following the empirical application in Andrews and Kasy (2019), we assume that
wr follows a gamma distribution with location and scale parameters (A, k). Consistent
with the descriptive evidence, we model selective reporting using a step function at
the conventional first-stage threshold of 10: p(F}) = 1 — (1 — ) - IL{E < 10}, where
v < 1. Thus, when the first-stage F' statistic falls below the F' = 10 threshold the
researcher reports the result with probability v < 1, while reporting with probability
1 otherwise. Of course, other distributions and selection rules are possible.

It is worth noting that we cannot estimate the models of first-stage, second-stage
or joint instrument hacking that we defined in Section 1.2 because we do not observe
the set of instruments that a researcher had to choose from in each (i.e., we only see
reported results). Instead, we interpret the Andrews and Kasy (2019) model as a
flexible reduced-form approximation to a general model of instrument selection, and

we seek to be agnostic about the true structural selection model.

5.2 Estimation and Model Fit

For estimation, we restrict attention to the first just-identified IV result reported
in each paper. We also restrict the sample to published findings with reported F-
statistics below 100 to reduce the influence of outliers.!” Estimating the model by
maximum likelihood yields (5\, R,%) = (1.66,18.42,0.615), where \ and & are the esti-
mated shape and scale parameters of the true F' distribution, and # is the estimated
selection parameter.

The true F' distribution implied by the estimates is plotted in the first panel of
Figure 5. It is right-skewed, with a median of 24.7, and 17.5% of its mass is below the
conventional threshold of F' = 10. The sample F' distribution is obtained by adding
sampling noise, as in Step 2 of the DGP. This distribution, shown in the middle panel,
has 20.1% of the mass below 10. The third panel then applies the estimated selection
rule (Step 3) and compares the resulting screened distribution to the empirical dis-
tribution of reported first-stage F-statistics. The model generates a reasonably close

correspondence between the simulated and the empirical distributions.!®

1"The estimated distribution itself still permits realizations above 100 since the support of the
Gamma distribution is the positive real line.

8Note that in the model P(F < 10|selection) = (.201)(.615)/[(.201)(.615)+(1—0.201)(1)]=0.134,
compared to 13.5% in the data.
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FIGURE 5. First-Stage F-Statistic Distributions: True, Unscreened, and Screened
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5.3 Simulating Instrument-Hacking

Given the estimated distribution of true instrument strengths, we can now simulate
the properties of the exactly identified 2SLS under any form of instrument hacking. To
simulate instrument-hacking, we draw a true first-stage F-statistic from the estimated
distribution for each candidate instrument, convert it into the corresponding first-
stage coefficient, simulate the model, and then estimate the resulting just-identified
IV specifications. We then apply the relevant instrument-hacking rule to the set of
estimated specifications. We consider first-stage and second-stage hacking as well as
a lexicographic rule. It is important to note that we do not assert that researchers
engage in any particular form of hacking. The goal here is simply to see how specific
forms of instrument hacking affect properties of 2SLS estimates, given a realistic
distribution of instrument strengths. For further details on the simulation procedure,
see Online Appendix OA.D.

Aside from the distribution of instrument strength, we set other aspects of the
DGP to the same values used in Section 4.1. First we set p = 0.5 to capture a
moderate degree of endogeneity, although below we also consider p = 0.2 and 0.8.
We set 5 = 0 to focus on size distortion, set N=5000, and normalize Var(z;) = 1 and
02 = 1 wlog so 3 has a natural interpretation as an effect size — i.e., the effect of a

one standard deviation (‘SD’) increase in z; on y; in standard deviations.

5.4 Results for p = 0.50

Figure 6 and Table 1 present the results. When there is no instrument-hacking
(K = 1), the median bias of the 2SLS estimator is zero, but the size of the 5% t-test
is 4.3%. The t-test is underpowered in some runs, as the unscreened distribution of

instrument strength contains some weak instruments. Furthermore, 93% of rejections
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of Hy: = 0 occur when B > (), illustrating the power asymmetry problem.

The first row of Figure 6 and left-side columns of Table 1 show the impact of
second-stage instrument-hacking. As we see in Table 1, median bias is monotoni-
cally increasing with the number of available instruments. If researchers choose from
only K=2 available instruments, median bias is 0.062, and if they choose from 3
instruments the median bias increases to 0.116.

Given that 3 is an effect size, these biases are substantial. For example, Bartos
et al. (2024) find a median treatment effect size of 0.2 SD across a 327 meta-analyses
in economics, and Evans and Yuan (2022) find a median effect size of 0.1 SD in
234 articles on the effect of educational interventions on test scores.!” Thus, if the
true effect were in fact zero, selectively reporting the just-identified specification that
maximizes the t-ratio among three available instruments would generate a median
bias about as large as numerous estimated effect sizes in economics.

Size inflation also appears when there are 2 or more instruments to choose from,
and it increases monotonically with K. For instance, when K = 3 the 5% t-test
has size of 12.3%. Furthermore, the overwhelming majority of false rejections occur
when B > 0, due to the power asymmetry. As a result, conventional meta-analytic
methods may incorrectly conclude that the literature provides consistent evidence for
a positive effect even when the true effect is zero or even somewhat negative.

The middle row of Figure 6 and middle columns of Table 1 show the impact of
first-stage instrument-hacking. If researchers choose from K =2 available instruments
median bias is 0.020 standard deviations, and when K=3 it is .025. These are still
fairly large biases relative to typical effect size estimates in the literature, but they are
much more modest than we found for second stage hacking. However, even though
median bias is small under first-stage selection, the resulting false rejections continue
to be highly asymmetric, with about 93% occurring on the side of the OLS bias

Under first-stage hacking, increasing the number of available instruments gener-
ates two opposing forces. On the one hand, selecting the instrument with the highest
first-stage F' statistic tends to favor specifications with positive sampling error in
the first stage, which pushes the 2SLS estimator toward the OLS estimand. On the

other hand, when instrument strengths vary across specifications, increasing K also

9Chetty et al. (2014) report that “a one standard deviation increase in teacher quality raises end-
of-year scores by 0.13 standard deviations of the student test score distribution on average across
grades and subjects.”
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FIGURE 6. Instrument-Hacking with Instrument Strengths Drawn from Data: Joint Distribution of
[ and Standard Errors
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Notes: 2SLS estimates and standard errors when researchers p-hack among just-identified specifica-
tions from 100,000 replications. In all cases, 8 = 0, p = 0.5, and true first-stage F' ~ Gamma(1.66,
18.42). Red dots indicate significant estimates at 5% level. “Lexicographic-threshold preferences”
refers to first targeting the first-stage F-statistic when no specification exceeds F' = 10, and other-
wise minimizing the second-stage p-value among specifications with first-stage F-statistics greater
than 10. ‘P < 0.05’ refers to the size (rejection rate) of the estimator, “Positive” refers to the pro-
portion of rejections on the positive side of the true null (i.e. in the direction of the biased OLS
estimate), and ‘Med B’ refers to the median estimate of 8 which is also the bias in this case.

raises the probability that at least one genuinely strong instrument is available, which
mitigates the increase in median bias. The relatively modest increase in bias in the
empirical simulations suggests that these two forces partially offset one another.

Earlier we presented evidence of selection on both first-stage strength and second-
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TABLE 1 — Properties of the 2SLS t-Test Under Instrument Selection

Type of Hacking: Second-Stage First-Stage Lexicographic

Instruments Si Pos. Median Si Pos. Median Si Pos. Median
Available € Rej. Bias € Rej. Bias %€ Rej. Bias

1 0.043 93% 0.002 0.043 93% 0.002 0.043 93%  0.002

2 0.084 93% 0.062 0.054 93% 0.020 0.080 93%  0.046

3 0.123 94% 0.116 0.059 93% 0.025 0.116 93%  0.093

5 0.196 94% 0.177 0.064 93% 0.030 0.185 93%  0.155

8 0.293 94%  0.225 0.069 94%  0.033 0.277 94% 0.204

10 0.353 94% 0.246 0.071 94% 0.035 0.335 94%  0.226

Notes: This table presents rejection rates and median bias from Monte Carlo simulations of the
DGP outlined in Section 5. Pos Rej. refers to the proportion of rejections that feature a B> 0.
“Lexicographic-threshold preferences” refers to first targeting the first-stage F-statistic when no
specification exceeds F' = 10, and otherwise minimizing the second-stage p-value among specifica-
tions with first-stage F-statistics greater than 10.

stage significance, and indeed it seems implausible that applied researchers would
focus exclusively on instrument strength and not also consider statistical significance
in a context where two or more instruments pass the F'=10 threshold. We therefore
turn next to the lexicographic-threshold preferences discussed in Section 3.2. Under
this selection rule, researchers minimize the second-stage p-value among all specifica-
tions with a first-stage F-statistic greater than 10; if no such specifications exist, they
instead select the specification with the largest first-stage F-statistic. These results
are reported in the right columns of Table 1 and the bottom row of Figure 6.

Under this joint selection rule, the results are very similar to those for pure second-
stage instrument-hacking. The median bias and size distortions are only slightly
smaller. The reason is that under our estimated distribution of true instrument
strengths, most first-stage sample F-statistics exceed 10, so the screen on the second-
stage t-ratio drives the results. Importantly, this shows that the problems created by
instrument hacking are not just a weak-instrument phenomenon.?

In summary, it is interesting that the median bias and size distortions created
by second-stage instrument-hacking are considerably more severe than those created
by first-stage hacking. This is surprising given that the consequences of first-stage

screening in IV have been recognized for decades (Hall et al., 1996). By contrast,

20Keane and Neal (2024) show that the mechanical relationship between estimated effect sizes
and standard errors remains quantitatively important at substantially higher levels of instrument
strength than the conventional F' > 10 threshold.
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although selection on statistical significance in IV studies has received considerable
attention, to our knowledge no prior work has examined or quantified how such selec-
tion (i.e., second stage hacking) interacts with the power asymmetry of IV estimators

to generate median bias toward the OLS estimand and size distortions.

5.5 Robustness: Weaker Endogeneity, Stronger Instruments

In Online Appendix OA.E we consider robustness to the key DGP assumptions. First,

21 Remarkably,

we consider a case where p = 0.20, so endogeneity is much weaker.
we find the problems induced by second-stage hacking are still severe. For instance,
median bias is 0.082 at K = 3 compared to .114 when p=0.5. The reason is that,
when K=1, 72% of rejections of Hy: S = 0 occur when B > (. Thus, the 2SLS
power asymmetry is severe even at this modest level of p, and as we have explained,
the power asymmetry is what drives the bias from instrument hacking. In contrast,
median bias from first-stage hacking is almost eliminated when p = 0.20. As we
explained earlier, bias in this case is the outcome of two competing factors, and at
this low level of endogeneity the gain from finding stronger instruments almost cancels
out the contamination of instruments with endogeneity induced by instrument search.
The appendix also reports with p = 0.8, which are similar to p = 0.5.

In Online Appendix OA.F, we also consider a calibration where instruments are
much stronger, by drawing first-stage F-statistics from a Gamma(10, 14) distribution,
which implies a median first-stage F' of 135 and a first percentile of 48. Even in this
environment, second-stage instrument-hacking generates meaningful median bias. For
instance, when K = 3 it generates median bias of 0.04 and rises to 0.11 when K = 10.
In contrast, first-stage instrument-hacking causes bias up to 0.03 when K = 10.

Rejections are highly asymmetric even with very strong instruments. At K =1
the percentage of rejections towards the OLS bias is 70%. This remains roughly
constant as K increases under second-stage instrument-hacking, but rises sharply
with K under first-stage hacking up to 93% rejections towards the OLS bias when
K = 10. The reason for this is, again, first-stage hacking trims estimates with large
standard errors which tend to be on the opposite side of the OLS bias.

Finally, in Online Appendix OA.G we repeated the empirical analysis using dis-

tributions of instrument strengths estimated from articles in different sub-fields of

21 Angrist and Kolesar (2024) argue using three examples that |p| in microeconometric appli-
cations seldom exceeds 0.4. In contrast, Keane and Neal (2025) estimate a value of p in their
microeconometric application of —0.7.
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economics.?? The results are very similar across subfields as the distributions of in-

strument strengths are very similar.

6. ALTERNATIVE ESTIMATION AND INFERENCE STRATEGIES

Finally we consider alternative approaches to estimation and inference in contexts
with multiple candidate instruments. One obvious approach is to simply estimate
over-identified models that utilize all available instruments. We consider doing this
with 2SLS estimation and the t¢-test, as well as using LIML estimation with the
Conditional Likelihood Ratio (CLR) test of Moreira (2003).?> We continue to use
the DGP from Section 5, that is based on the empirical distribution of instruments

strengths, and we focus on the p=0.5 case. Results are reported in Table 2.

TABLE 2 — 2SLS and LIML Using All Available Instruments: No Instrument Hacking

Estimation Strategy: 2SLS with t-test LIML with CLR test

Instruments Si Pos. Median Si Pos. Median
Available € Rej. Bias %€ Rej.  Bias
1 0.043 93% 0.002 0.061 52%  0.002
2 0.051 88% 0.010 0.051 50%  0.000
3 0.055 8% 0.012 0.051 50%  0.000
5 0.057 84% 0.014 0.0561 50%  0.000
10 0.064 8% 0.015 0.050 51%  0.000

Notes: This table presents rejection rates and median bias from Monte Carlo simulations of the
DGP outlined in Section 5 when using all available instruments. There is no instrument hacking.
‘Pos. Rej. refers to the proportion of rejections that feature a 8 > 0.

Using 2SLS with all available instruments, both median bias and size inflation
are very small compared to just-identified IV with instrument hacking in Table 1.
For example, when K=5, the median bias of 2SLS using all instruments is .015 SD,
compared to .177 SD when one chooses the ‘best’ instrument based on the t-test
result, and .030 SD when one chooses based on first-stage F'. Thus, using just-
identified IV with the ‘best’ instrument in an attempt to avoid the problems created

by using many instruments actually makes median bias and size inflation worse.

22We classified articles according to the most common JEL topic categories: Labor and De-
mographic Economics (J), Microeconomics (D), Economic Development, Innovation, Technological
Change, and Growth (O), Industrial Organization (L), and International Economics (F).

23When K = 1, the regression is just identified, so LIML coincides with 2SLS and the CLR
test is equivalent to the Anderson and Rubin (1949) test (AR test). Under heteroskedasticity or
clustered dependence, more efficient estimation would be obtained using continuously updated GMM
with robust inference, such as the GMM extension to CLR introduced in Kleibergen (2005). See
Hausman et al. (2012) and Mikusheva and Sun (2022) for related many-instrument settings.
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The greatest problem with 2SLS using all instruments is that the power asymmetry
problem remains severe, with 82% of rejections featuring B> 0.

LIML performs much better. As we see in Table 2, it exhibits no median bias
regardless of K. Furthermore, the CLR test has the correct size, and rejections are
always symmetric around the true null. Based on our results, we regard LIML using
all instruments, combined with CLR for inference, as the best approach.

Another interesting question is whether the use of the Anderson and Rubin (1949)
test for inference instead of the ¢-test can reduce the problems created by instrument
hacking. Keane and Neal (2023, 2024) show the AR test mitigates the power asym-
metry problem that plagues the ¢-test.>* And as we have shown both in the theory
and simulations, the power asymmetry drives the median bias created by instrument
hacking. Thus, it is natural to expect that use of AR will mitigate these problems.
Accordingly, in Table 3 and Figure 7 we present results where researchers instrument-

hack while relying on the AR-test p-value for inference, again using the same DGP.

TABLE 3 — 2SLS with AR-test Under Instrument Selection

Type of Hacking: Second-Stage First-Stage Lexicographic
Instruments S Pos. Median Si Pos. Median Si Pos. Median
Available € Rej. Bias € Rej. Bias € Rej. Bias
1 0.051 52%  0.002 0.051 52% 0.002 0.051 52%  0.002
2 0.099 52% 0.021 0.051 65% 0.020 0.079 60% 0.035
3 0.144 51% 0.047 0.052 70% 0.025 0.112 61% 0.070
5 0.226 51% 0.091 0.054 75% 0.030 0.179 60% 0.120
8 0.337 52% 0.123  0.058 79% 0.033 0.270 61% 0.160
10 0.401 52%  0.137  0.059 81% 0.035 0.326 61% 0.178

Notes: This table presents rejection rates and median bias from Monte Carlo simulations of the DGP
outlined in Section 5 using the AR test for inference. Pos Rej. refers to the proportion of rejections
that feature a ﬁA > 0. “Lexicographic-threshold preferences” refers to first targeting the first-stage
F-statistic when no specification exceeds F' = 10, and otherwise minimizing the second-stage p-value
among specifications with first-stage F-statistics greater than 10.

Comparing Tables 1 and 3, it is useful to first consider the K=1 case. We see that
the AR test generates almost balanced rejections of Hy:3=0; i.e., 52% occur when
B > 0 compared to 93% for the ¢-test. This illustrates how the AR test mitigates the

24 As Keane and Neal (2024) Section 2.1.4 explains, there are two sources of the power asymmetry,
due to the fact that the 2SLS standard error depends on cév(z, x) and Gogs. First, 6o is minimized
in samples where the 2sls estimate coincides with OLS. Second, cov(z, ) is larger in samples where
cov(z,u) is positive. Hence positive realizations of cév(z,u) both drive the estimate towards OLS
and drive down the standard error. The AR test solves the first problem but not the second.
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power asymmetry problem.?” Now consider what happens as we increase K, and use
either the second-stage t or AR test to choose the 'best’ just-identified specification.
AR test rejections of =0 remain roughly balanced, in contrast to t-test rejections
where 94% occur when 3>0.26

Comparing the top panels of Figures 6 and 7 makes this advantage of the AR test
visually apparent: Given second-stage hacking, the t test generates a preponderance
of significant estimates on the positive side. In contrast, while the AR test generates
severe size inflation, the excess rejections are not systematically concentrated on the
positive side of the true null. Hence, a literature that relies on the AR test would be
much less likely to come to a (false) consensus that the effect is positive.

The middle columns of Table 3 and middle row of Figure 7 show the case where
the researcher engages in first-stage instrument hacking and then reports the AR test
result for the "best’ just-identified specification in the second stage. The striking result
here is that first-stage instrument hacking breaks the balanced rejections property of
the AR test.?” The share of positive rejections is increasing with K.

In summary, these results show that use of the AR test for inference does mitigate
the problems created by second-stage instrument hacking, but it is far less useful if
researchers also engage in first-stage hacking. The first-best solution is simply to use

LIML with all available instruments for estimation and then use CLR for inference.

25The Spearman correlation between the 2SLS estimates and conventional 2sls standard errors
in these runs is -.345, while that between the 2SLS estimates and the AR standard errors is only
-.185. [We explain why the correlation drops in footnote 24]. Why does the AR test generate
almost balanced rejections, despite the fact that the AR standard error tends to be smaller on
positive estimates? The reason is that the distribution of 2SLS estimates is skewed left, meaning
that positive estimates tend to be smaller than negative estimates. The combination of these two
forces means that positive and negative estimates have similar AR test values, leading to nearly
balanced rejections of 5=0. [Note: The reason for skewness is that positive realizations of cov(z, u)
both drive the estimate towards OLS and shrink the estimate, as positive realizations of cov(z,u)
drive up cov(z,z) which appears in the denominator of the estimator.]

26The median bias induced by instrument hacking remains substantial when the researcher uses
the AR test, but it is only about half as great as when using the ¢-test. For example, when K=5,
median bias is .091 using AR vs .177 using ¢. A proof that second-stage hacking using the AR test
generates median bias towards OLS is available on request, as is a proof for first-stage hacking.

2TThere is a negative correlation between 2SLS estimates and their AR standard errors because
positive realizations of cov(z,u) both drive the estimate towards OLS and drive down the AR
standard error. Selection for large cov(z, ) screens out cases with cov(z,u) < 0 (3 < 0) as these
tend to have relatively small cév(z,x) — i.e., weaker first stage. As AR would have found some of
these negative estimates to be significant, the AR test results become unbalanced.
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FIGURE 7. Instrument-Hacking with the AR Test and Instrument Strengths Drawn from Data:
Joint Distribution of § and AR Standard Errors
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Notes: 2SLS estimates and AR standard errors when researchers p-hack just-identified specifications
(the AR test p-value in the case of second-stage hacking) from 100,000 replications. In all cases,
B =0, p=0.5, and 7 is drawn from a first-stage F distribution of Gamma(1.66,18.42) (for more
details see text). Red dots indicate statistically significant estimates from the AR test at 5% level.

7. CONCLUSION

This paper examines the statistical consequences of first and second-stage instrument-
hacking in exactly-identified 2SLS regression. Theoretically, we show that instrument-
hacking generates median bias in the direction of the OLS estimand. When candidate
instruments are of equal strength, median bias increases monotonically with the num-
ber of available instruments. However, when instrument strengths are heterogeneous,
monotonicity need not hold in general as increasing the number of candidate instru-
ments can have offsetting effects: amplifying selection on favorable noise realizations,
but also increasing the probability of finding a genuinely strong instrument. If we
calibrate to the distribution of instrument strengths in IV studies published in leading
economics journals, we find that median bias does increase monotonically with the
number of available instruments. Furthermore, the magnitude of bias is economically
significant even when researchers search over only a few instruments. The size dis-

tortion is also severe, and rejections of the true null 5 = 0 are heavily concentrated
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in the direction of the OLS bias.

The desire to pick a ‘best’ instrument and report only just-identified results is not
necessarily motivated by a desire to ‘hack’ results. Rather, it can be motivated by the
fact that 2SLS using multiple instruments suffers from bias towards OLS, while the
2SLS t-test suffers from size inflation and a severe power asymmetry problem — i.e.,
conventional Wald-based inference generates rejections of the true null f = 0 heav-
ily concentrated in the direction of the OLS bias. Unfortunately, using instrument
selection (either first or second-stage hacking) to arrive at a just-identified model ex-
acerbates median bias, size distortion and power asymmetry problems compared to
simply using all instruments and running 2SLS.

Thus, rather than responding to these problems by selecting down to a single
instrument, we argue the preferred approach should be to use all instruments, in
conjunction with robust estimation and inference. In the homoskedastic case this
means LIML for estimation and the CLR test for inference.?® We show this approach
results in median unbiased estimates, no size distortion and no power asymmetry,
regardless of the number of available instruments. As an alternative, we find the use
of the AR test for inference mitigates the problems created by second-stage instrument

hacking, but unfortunately the AR test is compromised by first-stage hacking.

28For heteroskedastic datasets, the equivalent approach would be the continuously updated GMM
estimator of Hansen et al. (1996) coupled with a robust test such as the GMM extension of the CLR
test in Kleibergen (2005).
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A. APPENDIX: PROOFS OF PROPOSITIONS

Throughout the proofs, we use the following notation. When K instruments are
available, the reported result is denoted by B}} Formally, 3;‘( = B+ where k* =
argmax,_; Sy and s is the score function; other random variables follow the
same notational convention. We denote demeaned variables as Zp; = zi; — % Do Zhi-

The following identities and definitions are used throughout for clarity:

NZZ kil S Mk

5k~5+ 5k—5:m

(2)

N i kzxz

where
C, = 7Tk(7 + Zmazl o and My = —
l#k

uMz

- 1 = \2 . .
and 0, = \/ ~ ZZ Z = \/ ~ 2i(2zri — Z)? is the standard deviation of instrument
2ki; and o0, ,, = N Dz — 2) (2 — Z) = % > 21k is the covariance between z;

and z;.

A.1 Proof of Proposition 1

First, normalize the sign of each instrument so that its first-stage coefficient is posi-
tive, implying 7w > 0. This is without loss of generality because replacing zx; by —z;
changes the sign of 7 but leaves the corresponding IV estimand, first-stage [-statistic,
and selection rule unchanged. Under sample orthogonality (Assumption 4) and ho-
mogeneous instruments (Assumption 5), C' = 7TO'zk > (). Second, assume without loss
of generality that p > 0. When p < 0, the same argument applies with all inequalities
reversed, implying that the median bias becomes more negative as K increases, and
therefore moves toward the OLS estimand in absolute value.

The proof relies on Lemma OA.B.1 in Online Appendix OA.B, which derives the
functional form of the absolute t-ratio as a function of the model parameters and
establishes the several properties of the function used throughout the proof.

Let M, = %21]11 Zriu; denote the raw draw for candidate instrument k. By
Assumption 1, M}, has a continuous distribution symmetric about zero. Under first-
stage screening, Lemma OA.B.2 implies that a draw is admissible if and only if
M), > —C/p. For inadmissible draws satisfying My < —C'/p, we set the score equal
to —oo. We denote the absolute second-stage t-ratio by ¢(Mj). On the event that
at least one admissible specification exists, we denote the selected draw as M =

My, where k* € arg maxj<r<x t(My). Thus, K counts raw candidate instruments,
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not admissible instruments. Given our results concern the distribution of reported
estimates, probabilities involving M} are understood conditional on the event that
at least one admissible specification exists.?’

Fix f = 0. First, consider the case K = 1. We show that the median of the
reported 2SLS estimator is positive, and hence biased toward the OLS estimand.
Since M; has a continuous distribution symmetric about zero, Median(M;) = 0.
However, the reported draw is observed only when it is admissible. Hence M;* ~ M, |
M, > —C/p. Since —C/p < 0, screening truncates the symmetric distribution of M,
only on the negative side, implying Median(M;*) > 0.

The corresponding reported estimator is

BT — %
C + pM;

On the screened region we have C' + pM; > 0, so sign(3¥) = sign(M;). Moreover,
the 2SLS estimator is strictly increasing in M7 on ( — %, oo), and strictly increasing
transformations preserve medians. Hence, Median(5;) > 0.

Next, we show the median bias of the reported 2SLS estimator is strictly increasing
in the number of candidate instruments, K. Since 3(M) = M/(C + pM) is strictly
increasing on the screened region, strict increases in the median of Mj; imply strict
increases in the median bias of the reported 2SLS estimator. Hence, our goal is to

show that
Median(M;) < Median(My) < - -+ < Median(Mj};)
Let Gg(x) = Pr(M} < z). For any = > 0, decompose the cdf as Gk(z) =
(1—pk) + pxGj(x), where px = Pr(M} > 0); and G (z) = Pr(M}: < x| M} > 0).
It follows that

Gri1(r) = Gr(x) = (px — pre1) (1 = () + prya Gy (7) — Gie())

We now show that the distribution of Mj: shifts to the right with K: Ggiqi(x) —
Gk(x) <0 for all x = 0. Since 1 — Gj(z) > 0 and pg,1 > 0, it suffices to show that

both difference terms are negative. The following lemmas establish these claims.

29Tf no admissible specification exists, then no specification is reported under the maintained
first-stage sign-screening rule. Thus the unconditional reported estimator is not defined on this
event without imposing an additional reporting convention.
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Lemma A.1 (Increasing Probability of Positive Winners). px < px 1 for all K > 1.

Lemma A.2 (Stochastic Dominance for Positive Winners). G, ,(z) < Gj(z) for

all z > 0.

Since Median(M;*) > 0 and the distribution is continuous, we have p; > % Lemma
A1 therefore implies px > % for all K > 2, which in turn implies that Median(M}) >
0 for all K > 2.

Combining Lemmas A.1 and A.2 gives Gx11(z) < Gg(x) for allz > 0. Evaluating
at = Median(M}) > 0 yields Gg41(Median(M})) < Gg(Median(Mj)) = . It
follows that Median(M};, ;) > Median(M};), which completes the proof. O

Proof of Lemma A.1: Recall that M, = % Zf\il Zriu; denotes the raw, unscreened
draw. Admissible draws satisfy M > —C/p (Lemma OA.B.2). For admissible draws,
the absolute second-stage score is |t(Mj)|, while inadmissible draws are assigned score
—o0. Define t3, = maxi<p<x [t(My)| as the winning score after K draws, and let M}
denote the associated winning draw. Since the distribution of M), is continuous, ties
occur with probability zero. Define px = Pr(M} > 0). We will show that pgx 1 > px
for every K > 1.

Next, define the replacement event Ry,q = {tx41 > 3}, which occurs when-
ever the (K + 1)-st draw replaces the current winner. Then, using the law of total

probability, we can write
prc = Pr(M; > 0, Rgciy = 1) + Pr(M > 0, Rgcsq = 0),
pr41 = Pr(Mp,; >0, R = 1) + Pr(Mpg., > 0, Rk =0)
— Pr(Mysy > 0, Rigar = 1) + Pr(M} > 0, Ricar = 0).
The final equality follows because on the event {Rx,; = 1}, the (K + 1)-st draw
becomes the new winner, so M, = Myq; while on {Rg41 = 0}, the incumbent

winner is unchanged, so My, = Mj. Subtracting the two expressions and writing
joint probabilities as conditional probabilities gives:

Pr41 — P = P(Rga1 = 1)- [IP(MK+1 > 0| Ris1 = 1) = P(ME > 0| Rigyq = 1)]
- IE[IP(RK+1 —1|t = u)-(IP(MK+1 > 0| Rysr =1, t5 = w)—P(ME > 0| Rgyr = 1, t = u))]

where the second equality follows from the law of iterated expectations, and the

expectation is taken over the distribution of the winning score u.
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We prove px 1 —px > 0 by showing the expression inside the expectation is weakly
positive for every u, and strictly positive on a set of u’s with positive probability. First,
note that P(Rx 41 = 1|t} = u) > 0 for every finite u, because the score function ¢t(M)
is unbounded above on the admissible region ( — %, oo). Hence, a new draw always
has strictly positive probability of exceeding the current winning score.

Thus, it suffices examine the sign of Pr(My,1 > 0| Ry = 1, t = u)—Pr(M} >
0| Rgy1 =1, t3 = u). We will show that this difference is weakly positive for every

u, and strictly positive for u € [0, %), where t._. = maxy;ot(M).

? Ymax

max’

OA.B.1. No negative draw can attain a score above ¢_. . Hence, the incumbent

First, consider the case u >t where t_ . = maxy - t(M) is finite by Lemma
winner and any replacement draw must be positive whenever t = v > ¢, and
Ryy1 = 1. This means that Pr(Mj > 0 | Ry = L, th = u) = Pr(Mgy > 0 |
Ry 1 = 1,t5 = u) = 1, and thus the difference equals zero.

Now consider u € [0, t,,.). For the first term in the difference, Bayes’ rule gives

IP(MK+1 >0 | RK+1 = 1, t}} = U)

B ]P(RK+1:1’MK+1>O, t}k(:U)P(MK+1>O|t}k(=U)
Yiseio11y P(Bivr = 1[sign(Mps1) = s, tj = u) P(sign(Mg+1) = s [ i = u)
[l = Fi(u)] 1—Fy(u)

TR - E@] - 1-F )

where F,(u) = Pt(M) <u | M > 0)and F_(u) = Pt(M) < u | M < 0), with
inadmissible draws assigned score —oo. The second last equality uses independence
of Mk41 and tj,, and symmetry of the raw distribution of M1, which implies
P(Mgi1 > 0| tj = u) = P(Mg41 > 0) = 3, and similarly for negative draws. Fi-
nally, writing the expression in terms of F'; (u) and F_(u) follows because conditional
on t§ = wu, the replacement event Ry ,q = 1 is equivalent to ¢(Mg 1) > u, where
inadmissible draws have score —o0.

For the second term in the difference, note that P(M} > 0 | Rxy1 = 1, t}, =
u) = P(M}; > 0| ti = u), because conditional on ¢} = w, the replacement event

Ry 1 =1 depends only on the independent draw My ;. Hence,

P(ME > 0, t = u)
P(t} =u)

P(ME > 0|t = u) =
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Since tj, has a continuous distribution, interpret the conditional probability

through shrinking intervals around w. For small € > 0,

P(Mj >0, t5 € [u,ute)) =K -
Pt € [u,u+e)) =K -

[Fi(u+e) — Fy(u)|Fw)* " + oe)
[Fi(u+e) — Fy(u)+ Fo(u+e) — F_(w)]F(u)* " + o(e)

NI= N[=

where F(u) = P(t(M) < u). The first expression follows because exactly one of the
K draws must fall in [u,u + €) on the positive branch, while the remaining K — 1
draws must have scores below u; the factor % follows from symmetry of the underlying

distribution of M. Dividing the two expressions and taking € | 0 gives

fi(u)

P O = = e )

(4)
Combining (3) and (4), and then rearranging, it suffices to prove

) L
1—F (u) 1—F,(u)

(5)

To show this inequality holds, we first rewrite both ratios in terms of the cdf and
density of a single draw of M, which we denote by H(-) and h(-), respectively.

Consider first the right-hand side. Since ¢(M) is strictly increasing on (0, 0)
(Lemma OA.B.1), each u € [0, ¢,

? Ymax

) has a unique positive inverse, which we denote

by m*(u). Hence,

1—F,(u) =P@t(M)>u|M>0)=P(M>m*(u) | M >0)=2[1-H(m"*(uv))]

For the numerator, the change-of-variable formula gives f, (u) = M Therefore,
f+(u) h(m™ (u)) 1 1
— — \Nm*
- Py~ 1 H e @) Pome )|~ e w)

where A\(M) = 5 hl(q( 25 denotes the hazard function.

Next, consider the left-hand side of (5). Fix the score u € (0,1,

7 Ymax

), and let
m_(u) < 0 denote the negative solution closest to zero satisfying t(m_(u)) = wu.

Since m_(u) is the negative solution closest to zero and (M) — 0 as M 1 0, any
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negative draw with score above u must satisfy M < m_(u). Therefore,
1—F_(u) =Pr(t(M) >u| M <0) <Pr(M <m_(u) | M <0) =2[1 - H(lm_(u)])]

where the final equality uses symmetry of M.
For the numerator, the change-of-variables formula for the density of ¢(M) on
the negative branch includes a contribution from the root m_(u). Hence, using the

symmetry of h(-), we get 2h(|m_(u)))
f-(u) = T m_ ()|

Combining the preceding two displays gives

f-(u) Fonwt o ol L
T F () ~ o wm-n] D W)

where A\(M) = h(M)/(1 — H(M)) is the hazard function.

By Lemma OA.B.1, t(|m_(u)|) > t(m_(u)) = v = t(m*(u)). Since t(M) is
strictly increasing on the positive branch, it follows that |m_(u)| > m*(u). Strict
log-concavity implies that the hazard function A(+) is strictly increasing, which implies
Am_(w)]) > AGm* ().

Finally, Lemma OA.B.1 gives t'(M)ocsign(M)(C + 2pM). Since t(M) is strictly
concave on (—C'/p,0), and satisfies t(M) — 0 as M 1 0, the negative root closest to
zero satisfies t'(m_(u)) < 0 (Lemma OA.B.1). Hence

[t/ (m—(u))| = =t'(m—(u))xC = 2p|m_(u)| < C < C + 2pm" (u)oc|t’(m™ (u))|

Combining the hazard comparison and the derivative comparison proves the de-

sired inequality in (5) for every u € (0,%_,.),

? Ymax

_
t'(m—(u))

1
t'(m*(u))

fi(u)

= A|m_(u)]) - 1—Fy(u)

> AMm™ (u))

Thus, we have shown that the expression inside the expectation in (3) is weakly
positive for every u, and strictly positive for u € (0,¢,,,). Since this interval has

positive probability and Pr(Rg.1 = 1|t} = u) > 0, it follows that px,1 — pxg > 0,
which completes the proof. O]
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Proof of Lemma A.2: Let h(-) denote the density of a single draw M. Lemma
OA.B.3 establishes that My, ..., M are i.i.d. with a continuous distribution.

For y > 0, the event {M}: € dy, M} > 0} occurs if exactly one candidate draw
falls in the infinitesimal interval (y,y + dy) and each of the remaining K — 1 draws

has absolute t-ratio no larger than ¢(y). Since draws are i.i.d.,
Pr(Mj € dy, My > 0) = Kh(y) Pr(t(My) < t(y))"'dy
Recall G (z) = Pr(M} < z | Mj > 0). For z > 0,

Pr(My <z, My >0)  § h(y) Pr(t(M;) <t
Pr(Mj. > 0) 5o hly) Pr(t(My) < t(y))<—tdy

Gie(w) =

and

Ixn(¥) _ b Sy Mk)<t(s))K’1ds
gh(y) DT <t) (50 () < t(s))de>

The second factor is a constant that does not depend on y. By Lemma OA.B.1, the
absolute t-ratio can be written as t(y)oc|y|(C' + py). Thus, when y > 0, we have
t(y)ocy(C + py), which is strictly increasing in y.

Since M, is continuously distributed, Pr(¢(My) < t(y)) is also strictly increasing
iny > 0. Thus, g5, (y)/g% (y) is strictly increasing in y and gjt_ ,(-) dominates g} (-)
in the monotone likelihood-ratio order. This implies first-order stochastic dominance,
so that G, (x) < Gk (z) for all > 0, as desired. O

A.2 Proof of Proposition 2

As in the proof of Proposition 1, normalize the sign of each instrument so that its
first-stage coefficient is positive. Under homogeneous instruments, this allows us to
write 7 > 0. Also normalize p > 0; when p < 0, the same argument applies after
multiplying all bias statements by sign(p).

When there is a single available instrument (K = 1), the median of the 2SLS

estimator is biased in the direction of the OLS estimand. This follows from the same
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argument in Proposition 1, even though S need not equal zero in this case. Under
the sign normalizations stated above, this implies that the median bias is positive at
K = 1. It therefore remains only to show that median bias is monotonically increasing
in K under first-stage instrument selection.

To begin, we derive an expression for the first-stage F-statistic. The first stage
corresponding to instrument £ is the OLS regression: I; = w2y + er; wWhere ey =
pu; +m Y, Zei. Given this is a just-identified specification, the first-stage F-statistic
is equal to the square of the t-statistic on the estimate for w. Hence, to derive the
first-stage F-statistic function, F'(-), first see that:

L N k& C+ pM, o o2 o2

e e
T = = and 0: = = )
1N 2 2 i 2 2
N Zz R Uzk Zz R NO'Zk

Under homogeneous instruments (Assumption 5) and sample orthogonality (Assump-

tion 4), both o7 and o are constant across k.*° Hence, the denominator of the

first-stage t-statistic is common across candidate instruments, which implies:

2
r N
- F(Mk) = (2_2) = 02 o2 : (C + pMk)2OC(C + pMk)Q (6)
s ZEL e
Thus, maximizing the first-stage F-statistic, F'(My), is equivalent to maximizing
(C + pMy)%. Note that this is a convex quadratic function minimized at M = —%

with F(— <) =0.

By Lemma OA.B.2, admissible specifications satisfy M > —%. Let a = —C/p
denote the admissibility cutoff. Importantly, over the admissible region, F'(M) is
strictly increasing in M. Therefore, first-stage instrument-hacking to maximize the
first-stage F'-statistic is equivalent to selecting the admissible instrument with the
largest value of M.

Let H(-) denote the cdf of a single raw draw M. Lemma OA.B.3 establishes
that My, ..., M are i.i.d. across k. Conditional on at least one admissible specifica-
tion being available, the selected draw satisfies M} = max;<r<x M} conditional on

maxXijgip<k Mk > a.

30Tn particular, if all instruments have the same variance and are mutually orthogonal, then
Var(epi) = p*Var(u;) + 72 Y, Var(Zs) is identical for every k, because the summation contains
the same number of identically distributed instruments, differing only in the omitted index.
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Hence, for > a, the distribution of the selected draw conditional on reporting is

)  H@)* - H)*

Gk(zr) =Pr(My <z) = Pr(max My, <z | max My >a

I<k<K 1<k<K 1—H(a)k
Let myxg = Median(M}). Since the distribution is continuous, my satisfies
1/K
Hom B0 _ 1 s H(my) = [W} . Since H(a) € (0,1), the right-

hand side is the generalized mean of the two numbers 1 and H(a), with equal weights
and order K. Generalized means are strictly increasing in their order whenever the
two numbers are not equal. Therefore H(my) is strictly increasing in K. Since H ()
is strictly increasing, it follows that my is strictly increasing in K.

Finally, since bias is strictly increasing in M, over the admissible region®', the
median bias of the selected 2SLS estimator is strictly increasing in K, which is what

we wanted to show. O

A.8 Proof of Proposition 4
As in Proposition 1, without loss of generality, normalize p > 0 and orient each
instrument so that m;, > 0. Under first-stage screening, Lemma OA.B.2 implies
that M) > —C%/p for admissibility. As in the proof of Proposition 1, define k* =
arg maxj<k<x |tx|, where inadmissible realizations are assigned score —oo. Denote
reported statistics as B}} = Bk*, My = Mys, and t7, = tgx.

The derivation of the second-stage absolute t-ratio is identical to Lemma OA.B.1,

except that the constants are now instrument-specific. Thus,

N M| (Cy + pMy)

2
Uzk Ck

te(My) = (7)

First, we show that median bias is weakly positive for any K. Fix a realiza-

tion of the structural errors u = (uq,...,uyn) and consider its reflection —u =
(—u1,...,—uy). Define My(u) = %Zfilzﬂul Since Mg(-) is linear in w, it fol-
lows that My(—u) = —Mj(u) for every instrument k. Hence, the realizations u and

—u generate the same magnitudes | M|, but opposite signs.
We now prove the sign claim using a sign-reversal argument. By Lemma OA.B.1,
replacing a negative realization of M, with a positive realization of the same magni-

tude strictly increases the absolute t-ratio whenever both realizations are admissible.

31Specifically, %[B(Mk) -8 = W > 0.
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Consider a realization u together with its reflected realization —u. If M} (u) = 0,
then at least one of u and —u satisfies M} > 0. Otherwise, suppose M} (u) < 0, and
let the winning instrument under v be j. Since j maximizes the absolute ¢-ratio under
u, we have [t;(u)| = [t,(u)] for all . Under the reflected realization —u, instrument j
becomes positive while preserving the same magnitude |A/;|, and therefore its score
strictly increases. Conversely, any instrument that is negative under —u was positive
under u, and therefore its score weakly decreases after reflection, with strict inequality
whenever M, # 0. Hence no instrument with M,(—u) < 0 can maximize the absolute
t-ratio under the reflected realization, except on a probability zero tie event under
the continuity assumptions. Therefore, M} (—u) = 0 almost surely.

Thus, for every realization u, at least one of v and —u satisfies M} > 0. Since
T — by Assumption 1, the two realizations are equally likely under the sign-
reversal pairing. Therefore, Pr(Mj, > 0) > 5. Since sign(3%) = sign(M;) under
first-stage screening, we have Pr(8% > 0) = 1/2, and hence Median(3%) = 0.

We next derive a finite upper bound on the absolute t-ratio attainable on the
negative branch. By Lemma OA.B.1, the negative branch is uniquely maximized at

| M| = Ci/(2p). Substituting this into (7) gives

N G VNV _VNVA

o2 4p 4p 4p max

tl;,max -

2
2k

M < . Hence no admissible negative realization can produce an absolute t-ratio

2.

where the second equality uses Cy = mpo. and A\, = ﬂ,gazw and the inequality uses

exceeding ¢t . This is illustrated in the left panel of Figure Al.

max*

Now consider a positive realization with b = B satisfying [tx| = w. Solving
B = M,/ (Cy, + pMy) for My gives M, = bCy,/(1 — pb). Substituting into (7) yields

b ~ b
trl = VN A/ Ay 77— < B—= =¢(b
el = VNV G < By = 90)
where B = v/N V. The inequality uses the bound A, < \.
Since ¢(-) is continuous, strictly increasing, satisfies ¢(b) — 0 as b | 0, and satisfies
¢(b) — was b1 1/p, it defines a bijection from (0,1/p) onto (0, 00). Hence its inverse
is well-defined on (0, 0), and in particular on (¢, ,0). Define g(u) = ¢! (u) for

max’
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FiGUuRE A1l. Intuition for Propositions 4 and 5

Second-stage score: [t(M)] First-stage score: F(M)

401

30

20+

First-stage F

1
1
1
1
1
. ' t
-3 -2 -1 0
M

zor<----

Notes: This figure assumes p > 0 and 8 = 0. The shaded gray area is the inadmissible, screened region.

w > t_... Hence, g : (t,.,0) — (0,1/p), so g(u) > 0 for all u > t_. . Now
¢(b) = |tg| and |tx] = u together imply ¢(b) > wu. Since ¢ is strictly increasing,
applying the inverse function yields b > g(u).

Hence, any positive realization with [t,] > u must also satisfy B, > g(u). Now
suppose Median(|t3|) > t.... By the definition of the median, |t}| > Median(|t}])

with probability at least one half. Since no negative realization can attain an abso-

max’

Therefore, the probability of the event that both [t%| > Median(|t%|) and £% > 0
hold is at least one half. Applying the previous implication with u = Median(|t}|)

lute t-ratio exceeding t every realization satisfying [t%,| > ¢ must be positive.

X

gives 3% = g(Median(|t%|)) with probability at least one half. Hence,
Median(3%) = g(Median(|t%|)) > 0

Finally, under second-stage instrument-hacking, |t%| = maxj<p<x |tx|. Adding an
additional candidate instrument weakly increases this maximum for every realization.
Therefore |t} | is weakly increasing in K in the first-order stochastic order, implying

that Median(|t%;|) is weakly increasing in K. O
A.4 Proof of Proposition 5
As in Proposition 1, without loss of generality, normalize p > 0 and orient each

instrument so that 7, > 0. Under first-stage screening, Lemma OA.B.2 implies that

My, > —Cy/p for admissibility. Define k* = argmaxj;<p<x Fj, where inadmissible
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realizations are assigned score —o0. Denote reported statistics as Sj; = By, M} =
Mk*, and F;} = Fk*

For instrument k, the estimated first-stage coefficient is

1N o~ ~ 2
A N it 2kiti  Cy + pMy ~9 Ock
Th= TN o = 5 and aﬁkzNQ

N Zi=1 R O 0%

In a just-identified specification, the first-stage F-statistic is equal to the square of

the t-statistic. Hence,
N
Fo(My) = ——5—(Cr + pMy)*.

2k~ ek
On the admissible region My > —Cy/p, Fj.(My) is strictly increasing in Mj,.

First, we show that median bias is weakly positive for any K. Fix a realiza-

tion of the structural errors u = (uy,...,uy) and consider its reflection —u =
(—u1,...,—uy). Define My(u) = %ZZJL Zritt;.  Since My(+) is linear in wu, it fol-
lows that My(—u) = —Mj(u) for every instrument k. Hence, the realizations u and

—u generate the same magnitudes | M|, but opposite signs.

We now prove the sign claim using a sign-reversal argument. Since Fj(My) is
strictly increasing over the admissible region My > —C%/p, and equal to —oo outside
this region, replacing a negative realization of M) with a positive realization of the
same magnitude strictly increases the first-stage score.

Consider a realization u and its reflected realization —u. If M} (u) = 0, then at
least one of w and —u satisfies M} > 0. Otherwise, suppose M} (u) < 0, and let j
denote the winning instrument under u. Since j maximizes the first-stage F'-statistic,
F;(u) = Fy(u) for all £. Under the reflected realization —u, instrument j becomes
positive while preserving the same magnitude |M,|, and therefore its first-stage score
strictly increases. Conversely, any instrument that is negative under —u was positive
under u, and therefore its score weakly decreases after reflection, with strict inequality
whenever M, # 0. Hence no instrument with M,(—u) < 0 can maximize the first-
stage score under the reflected realization, except on a probability zero tie event under
the continuity assumptions. Therefore, M} (—u) = 0 almost surely.

Thus, for every realization u, at least one of v and —u satisfies M} > 0. Since
T — by Assumption 1, the two realizations are equally likely under the sign-
reversal pairing. Therefore, Pr(Mj = 0) > 1. Now see that Br— B = My/(Cy + pMy)
and Cj, + pM; > 0 (Lemma OA.B.2) imply that sign(3% — 3) = sign(M3). Hence



44

Pr(3% — 8 = 0) = 1/2, and so Median(3% — ) = 0.

We next derive a finite upper bound on the first-stage F-statistic attainable on
the negative branch. On the admissible negative branch, —Cj/p < M} < 0, we have
N ., N)\ N

20 k= 2 S 5 =
2k~ e,k ek =

2
2K

where the equality uses Cj = Wkdgk and )\, = wio? , while the inequality uses \; <

2 2 —

> 0, where o2

Aand 02, > o min, gz 02. Hence no admissible negative
realization can produce a first-stage F-statistic exceeding F) .. This is illustrated in
the right panel of Figure Al.

Now consider a positive realization with b = Bk — [ satisfying Fy > u. Solving

Bk —f = C’ki/[ipk]\/[k for My, gives My, = ffgb. Substituting into the expression for Fy(Mj)

yields

N C,% F-
< max = b

2ot b = = phpp 20

Since ¢(-) is continuous, strictly increasing, and satisfies ¢(b) — oo as b approaches
1/p, it defines a bijection from (0,1/p) onto (F,,.,
¢ Y(u). Now ¢(b) = Fj, and F), > u together imply ¢(b) > u. Since ¢ is strictly
increasing, applying the inverse function yields b > h(u). Hence, for any u > F,. and
F, = u, we have fB; — 8 = h(u) > 0, where h(u) > 0 because h : (F—._ o) — (0,1/p).

Suppose Median(F}) > F._ ... By the definition of the median, F}: > Median(F})

with probability at least one half. Since no negative realization can attain a first-stage

Fp =

). Define its inverse h(u) =

F-statistic exceeding F_, .,
Therefore, the probability of the event that both £ > Median(F}) and 8% — 3 > 0
hold is at least one half. Applying the previous implication with u = Median(F})

gives 3% — 8 = h(Median(F%)) with probability at least one half. Hence,

every realization satisfying Fj > F . must be positive.

Median(3% — ) = h(Median(F})) > 0.

Finally, under first-stage instrument-hacking, Fj = max;<i<x Fi. Adding an
additional candidate instrument weakly increases this maximum for every realization.
Therefore, Fj first-order stochastically increases with K. Hence, Median(F}) is

weakly increasing in K. O



